Abstract. We discuss the problem of embedding univalent functions into Loewner chains in higher dimension. In particular, we prove that a normalized univalent map of the ball in C n whose image is a smooth strongly pseudoconvex domain is embeddable into a normalized Loewner chain (satisfying also some extra regularity properties) if and only if the closure of the image is polynomially convex.
Introduction
Let B n := {z ∈ C n : z 2 < 1} denote the unit ball of C n . Let S := {f : B n → C n : f (0) = 0, df 0 = id, f univalent}.
Recall that a normalized Loewner chain (f t ) is a family of univalent mappings (f t : B n → C n ) t≥0 , with Ω s := f s (B n ) ⊂ f t (B n ) for s ≤ t and such that f t (0) = 0 and df 0 = e t id for all t ≥ 0. We set R(f t ) := ∪ s≥0 Ω s ⊆ C n and call the Loewner range of (f t ) the class of biholomorphism of R(f t ). A normalized Loewner chain (f t ) has always Loewner range biholomorphic to C n , but in dimension greater than 1, due to the existence of FatouBieberbach domains, the open set R(f t ) might be strictly contained in C n (see Section 2 for more details about Loewner chains).
We say that a function f ∈ S embeds into a normalized Loewner chain if there exists a normalized Loewner chain (f t ) such that f 0 = f . We denote by S 1 := {f ∈ S : f embeds into a normalized Loewner chain (f t ) with R(f t ) = C n }.
For n = 1, the class S is quite well understood by means of the Loewner theory (see, e.g. [18] , [14] or the recent survey [1] ). In fact, every element f of S for n = 1 can be embedded into a normalized Loewner chain whose range is C (see [18, Thm. 6 .1], which by itself can be described by a differential equation with a particular driving term. Thus S = S 1 and such a class is also compact (see [18] ).
In higher dimension, in [15] , [12] , I. Graham, H. Hamada and G. Kohr introduced and studied the class S 0 which is the subclass of S 1 formed by those f ∈ S which admit a parametric representation, namely, such that f can be embedded into a normalized Loewner chain (f t ) with the property that {e −t f t (·)} t≥0 is a normal family. A geometric characterization of maps in the class S 0 is in [13] . The class S 0 is compact and in dimension one it holds S 0 = S 1 = S, while in higher dimension one has S 0 S 1 (see [14, Section 8] ).
It is then natural to ask whether S = S 1 for n > 1. It turns out that this is not always the case: since every normalized Loewner chain is a L ∞ Loewner chain in the sense of [5] (see Proposition 2.1), as explained in [6, Section 4] it follows from a theorem of DocquierGrauert [10] 
is not Runge then f ∈ S 1 (and normalized univalent maps of the ball with non-Runge image do exist, see Example 2.2). There is, however, the possibility that f embeds into a Loewner chain whose range is a non-Runge Fatou-Bieberbach domain in C n . Thus the two following natural questions arise:
Q1) Does any f ∈ S with f (B n ) Runge embed into a normalized Loewner chain (f t ) with R(f t ) = C n ? Q2) Does any f ∈ S embed into a normalized Loewner chain whose Loewner range is biholomorphic to C n ?
In this note we discuss the two questions and give a partial positive answer to question Q1. Let us denote by S R := {f ∈ S : f (B n ) is Runge}. Question Q1 can then be restated in the following way: is
where the closure has to be understood in terms of the topology of uniform convergence on compacta of B n . However, one can say more: each f ∈ S R can be approximated by maps in S which can be embedded into "nice" normalized Loewner chains whose range is C n .
Definition 1.1. Let (f t ) be a normalized Loewner chain in B n . We say that (f t ) is a filtering normalized Loewner chain provided the family (Ω t ) t>s is a neighborhood basis for Ω s for all s ≥ 0, i.e., the following conditions hold: (M1) Ω s ⊂ Ω t for all t > s and (M2) for any open set U containing Ω s there exists t 0 > s such that Ω t ⊂ U for all t ∈ (s, t 0 ).
As a matter of notation, we let The proof of Theorem 1.2 is the content of Section 3. Finally, in Section 4 we make some final remarks and discuss the role of polynomial convexity in the embedding problem, constructing various examples which explain the rôle of the hypotheses.
We thank the referee for helpful comments which improved the original manuscript.
Loewner chains and Loewner range
A general Loewner theory in the unit disc and hyperbolic manifolds was introduced in [7, 8, 9, 5 ] (see also [4] ). According to [5] , a Loewner chain of order
The set R(f t ) := ∪ s≥0 Ω s is a domain in C n , whose class of biholomorphism is called the Loewner range of (f t ). The Loewner range of a Loewner chain is an invariant for the associated Loewner equation (see [5] , [6] ).
The normalization required in the definition of a normalized Loewner chain, forces such a family to be a Loewner chain of order ∞ with range biholomorphic to C n :
is a Loewner chain of order ∞ and its Loewner range is biholomorphic to
Proof. According to [14, Theorem 8.1.8] , the family (f t ) is locally Lipschitz continuous in t locally uniformly with respect to z, hence it satisfies (2.1) with k K a positive constant. Therefore (f t ) is a Loewner chain of order ∞. The family (ϕ s,t :
• f s for all 0 ≤ s ≤ t is an evolution family (of order ∞ according to [5] ) which satisfies
By [14, Theorem 8.1.5] there exists a normalized Loewner chain (g t :
is uniformly bounded in a neighborhood of the origin, then there exists a ball sB ⊂ t∈R + h t (B n ), and thus
as claimed.
In [6, Section 4] it has been shown that if (f t ) is a Loewner chain of order d, then (Ω s , Ω t ) is a Runge pair for all 0 ≤ s ≤ t, and, as a consequence, Ω t is Runge in R(f t ) for all t ≥ 0. If (f t ) is a normalized Loewner chain, then R(f t ) is biholomorphic to C n , but it might happen that Ω t is not Runge in C n :
Example 2.2. Let D be a Fatou-Bieberbach domain of C 2 which is not Runge (see [19] ), assume 0 ∈ D and let φ : C n → D be a biholomorphism such that φ(0) = 0 and dφ 0 = id. Then f t (z) := φ(e t z), t ≥ 0, z ∈ B n is a normalized Loewner chain. Note that R(f t ) = D is not Runge in C n , hence Ω t is not Runge in C n for t sufficiently big.
Embedding into filtering Loewner chains
We first make the following simple observations. Proof. Assume Ω is a convexshapelike domain. Let ψ ∈ Aut hol C n be such that ψ(0) = 0 and ψ(Ω) is convex. Hence the family of univalent mappings f t (z) := ψ −1 (e t · ψ(f (z))) has the property f s (B n ) ⊂ f t (B n ) for all 0 ≤ s ≤ t, and it is easy to check that it forms a filtering normalized Loewner chain such that f 0 = f . 
Remark 3.4.
Let Ω ⊂⊂ C n be a convexshapelike domain. Then Ω is Runge and Ω is polynomially convex. Indeed, it is clear that Ω is Runge because convex domains are Runge and Runge-ness is invariant under automorphisms of C n . Moreover, if ψ ∈ Aut hol C n is such that 0 ∈ ψ(Ω) and ψ(Ω) is convex, then {ψ −1 (tψ(Ω))} t>1 is a Runge and Stein neighborhood basis of Ω, which is thus polynomially convex ([16, Thm. 1.11]).
The proof of Theorem 1.2 depends on the following well known Mergelyan type result, for which we give a proof for a lack of a suitable reference. Proof. Let X denote the radial vector field X(z) = − n j=1 z j ∂ ∂z j defined on B n . By Fefferman's theorem [11] the biholomorphism between the ball and Ω extends smoothly to the boundary and we can push X forward to Ω, in order to get a vector fieldX pointing into Ω on ∂Ω. By [16, Thm. 2.1 p. 280],X may be approximated uniformly on Ω by vector fields in O(Ω). In particular, there exists a vector field Y ∈ O(Ω) pointing into Ω on ∂Ω. Hence its real flow ϕ t is well defined for all t ≥ 0 and ϕ t (Ω) ⊂ Ω for t > 0.
The proof of our result relies also on the following result, which might be interesting on its own. Proposition 3.6. Let n ≥ 2. Let Ω ⊂ C n be a bounded strongly pseudoconvex domain with C ∞ boundary which is biholomorphic to B n . Then the following are equivalent:
Moreover, if condition (1) or (2) holds, then Ω is Runge.
Proof. (2) ⇒ (1) it follows from Remark 3.4 (and also implies that Ω is Runge).
(1) ⇒ (2). Assume that Ω is polynomially convex. The aim is to find ψ ∈ Aut hol C n such that ψ(Ω) is a convex domain (in fact a strongly convex domain with smooth boundary).
In order to find such an automorphism ψ, we are going to find an open neighborhood U of Ω and an univalent map h : U → C n such that
is a strongly convex domain with smooth boundary.
Once we have that, by the Andersén-Lempert theorem [2, Thm. 2.1], we can approximate h −1 on h(U)-and hence h on U-uniformly on compacta with automorphisms of C n . Hence we can find an automorphism ψ having the required properties, and we are done.
In order to construct h, let f : B n → Ω be a biholomorphism. We note that by Fefferman's theorem [11] f extends to a diffeomorphism f : B n → Ω. By Lemma 3.5, f −1 can be approximated in C 2 -norm uniformly on Ω by holomorphic maps defined on neighborhoods of Ω. Therefore, there exists an open neighborhood U ′ of Ω and a univalent map h : U ′ → C n such that h(Ω) is a smooth strongly convex domain. Since a compact polynomially convex set admits a basis of Stein neighborhoods that are Runge in C n , and by hypothesis Ω is polynomially convex, we can find an open set U ′′ such that U ′′ is Runge and Ω ⊂ U ′′ ⊂ U ′ . Now, since h(Ω) has a basis of convex neighborhoods, we can find a convex set A such that h(Ω) ⊂ A ⊂ h(U ′′ ). Therefore, U := h −1 (A) is Runge in U ′′ and since the latter is Runge in C n , it follows that U is Runge in C n , and the proof is concluded.
Remark 3.7. Notice that Proposition 3.6 is false in dimension one, because the group of automorphisms of C is too "small".
The proof of Theorem 1.2 is now straightforward:
Proof of Theorem 1.2. If Ω is polynomially convex, then by Proposition 3.6 it follows that Ω is convexshapelike and hence by Proposition 3.2 it follows f ∈ S f (rz), for 0 < r < 1. Then clearly f r ∈ S, f r converges uniformly on compacta of B n to f , and f r (B n ) is a strongly pseudoconvex domain with smooth boundary. Since 1 r f (ℓB n ) with r < ℓ ≤ 1 is a basis of Stein neighborhoods of f r (B n ) that are Runge in C n (because f (ℓB n ) is Runge in f (B n ) which by hypothesis is Runge in C n ), it follows that f r (B n ) is polynomially convex. Hence f r ∈ S 1 F .
Remarks and Examples
Let f ∈ S R . By Remark 3.1, a necessary condition for having f ∈ S 1 F is that f (B n ) is polynomially convex. Such a condition, as in the one-dimensional case, is not necessary for having f ∈ S 1 , as the following example shows.
Example 4.1. Let φ : D → C be a univalent map, φ(0) = 0, φ ′ (0) = 1. Then f (z, w) = (φ(z), w) ∈ S. Let (φ t ) t≥0 be a normalized Loewner chain in D such that φ 0 = φ. Define f t (z, w) := (φ t (z), e t w) for (z, w) ∈ B 2 . Then (f t ) is a normalized Loewner chain such that f 0 = f . Indeed, setting ϕ s,t (z, w) := (φ
s−t w), by the Schwarz lemma
from which it follows that ϕ s,t (B 2 ) ⊂ B 2 , and f t • ϕ s,t = f s for 0 ≤ s < t, which implies that f s (B 2 ) ⊂ f t (B 2 ) for 0 ≤ s < t. Now, recall that a compact set K ⊂ C is polynomially convex if and only if C \ K is simply connected. Let D ⊂ C be a simply connected domain such that C\D is not simply connected (for instance take D = {ζ ∈ D : |ζ −1/2| > 1/2}). Let φ : D → D be a Riemann mapping. Up to rescaling, we can assume φ(0) = 0 and φ
is not polynomially convex.
Next we construct an example of a map f ∈ S R such that f extends holomorphically through ∂B 2 but f (B 2 ) is not polynomially convex and hence f ∈ S 1 F . Example 4.2. In order to construct such an f , let ϕ : B 2 → C 2 be a univalent mapping such that ϕ(B 2 ) is not a Runge domain (the existence of ϕ follows from the existence of a non-Runge Fatou-Bieberbach domain in C 2 [19] ). Assume ϕ(0) = 0 and dϕ 0 = id. Let ϑ := sup{t : ϕ(rB 2 ) is polynomially convex for all r < t}. Then, since ϕ(rB 2 ) is polynomially convex for r small enough, one has ϑ > 0. Moreover, ϑ < 1 since ϕ(B 2 ) is not Runge (and thus it cannot admit any growing exhaustion by polynomially convex sets). We claim that K := ϕ(ϑB 2 ) is not polynomially convex. Assume it is, by contradiction. Then K admits a Runge neighborhood basis, and thus there exists a Runge domain Ω such that
Let ϑ < u < 1 be such that ϕ(uB 2 ) ⊂ Ω. One has that uB 2 is holomorphically convex in B 2 , and thus ϕ(uB 2 ) is holomorphically convex in Ω, hence it is polynomially convex, contradicting the assumption that ϑ was the supremum.
Finally, define f (z) := 1 ϑ ϕ(ϑz). Since f (B 2 ) is not polynomially convex, it follows from Remark 3.1 that f ∈ S 1 F . We do not know whether f ∈ S 1 .
There are also examples of maps f ∈ S 1 such that f (B n ) is polynomially convex but f ∈ S 1 F (and f (B n ) has not smooth boundary). A simple example in dimension one is given by a Riemann mapping f from the unit disc D onto a disc D minus a slit. If such a function were embeddable into a filtering Loewner chain (f t ), then for all t > 0 the closed disc D would be contained in f t (D), hence, by the Carathéodory kernel convergence theorem, D ⊂ f 0 (D), a contradiction.
We end up this note with the following consideration about Question Q2: Thus, if (g t ) is a normalized Loewner chain with range C n such that g 0 = F • f , then (f t := F −1 • g t ) is a normalized Loewner chain with R(f t ) = D such that f 0 = f .
